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SUPER g-HOWE DUALITY AND WEB CATEGORIES 


DANIEL TUBBENHAUER, PEDRO VAZ, AND PAUL WEDRICH 


Abstract. We use super g-Howe duality to provide diagrammatic presentations of an idem- 
potented form of the Hecke algebra and of categories of gljv-modules (and more generally 
0^Ar| ^-modules) whose objects are tensor generated by exterior and symmetric powers of the 
vector representations. As an application, we give a representation theoretic explanation and 
a diagrammatic version of a symmetry of colored HOMFLY-PT polynomials. 
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1. Introduction 

Let Uq( 0 [^) be the quantum enveloping = C(g)-algebra for gljy with q being generic. 
Let gljy-Modes denote the braided monoidal category of Ug( 0 [jv)-niodule^ tensor generated 
by exterior and symmetrie Sym^C^ powers and Ug( 0 [jv)-intertwiners between them. 

We denote by H an idempotented version of the full collection of Iwahori-Hecke algebras 
= lyP® Roughly, H is the category obtained from the one-object 

D.T. was supported by a research funding of the “Deutsche Forschungsgemeinschaft (DFG)” during the 
main part of this work. D.T. and P.W. thank the center of excellence grant “Centre for Quantum Geometry of 
Moduli Spaces (QGM)” from the “Danish National Research Foundation (DNRF)” for sponsoring a research 
visit which started this project. P.V. was financially supported by the “Universite catholique de Louvain, Fonds 
Speciaux de Recherche (FSR) 12 J.A.”. P.W. was supported by an EPSRC doctoral training grant. 

^We only consider finite dimensional, left modules throughout the paper. 
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category Hoc{q) by adding formal Gyoja-Alston idempotents corresponding to column and row 
Young diagrams as new objects. By quantum Schur-Weyl duality, the categories gl^v-Modes 
are quotients of H and the added idempotents can be thought of as lifts of the exterior 
and the symmetric Sym^C^ powers. 

We construct diagrammatic presentations of H and gl^-Modgs by using the green-red web 
categories oo-Webgr and WWebgr. Morphisms in these Cg-linear categories are combinations 
of planar, upwards oriented, trivalent graphs with edges labeled by positive integers and 
colored black, green or recfl modulo local relations. Objects are boundary conditions of such 
green-red webs, i.e. finite sequences of positive integers, each of which additionally carries a 
color black, green or red, indicated either by an actual coloring or by a subscript. 

An example of a green-red web is: 



A green integer k in a boundary sequence is meant to correspond to the Uq(gl 7 v)-module 
AqC^, a red integer I to Sym^C^, and sequences of integers correspond to tensor products 
of such. Vertical edges are identities on these Ug(g[ 7 Y)-modules and trivalent vertices encode 
more interesting Uq(g[jv)-intertwiners. The integer 1 should be independent of the color 
green or red, so we color it black. 

Our main result is: 

Theorem. (The diagrammatic presentation) The additive closures of oo-Webgr and of 
V-Webgr are braided monoidally equivalent to H and gl^-Modgs respectively. 

We will see that oo-Webgr admits an involution interchanging the colors green and red. 
An almost direct consequence of this is a symmetry between the HOMFLY-PT polynomials 
70 “> 9 (.) of a link C whose strands are colored with Young diagrams A = (A^,..., A'^) or their 
transpose diagrams A"*" = ((A^)"*",..., (A'^)"'"). 

Proposition. (The colored HOMFLY-PT symmetry) We have 
(1) V^'‘^{C(X)) = (-1)“P“’''"'(£(A^)). 

Here co is some constant which only depends on the framed, oriented link L and its coloring. 

Our results might help to understand symmetries observed within the homologies that 
categorify the colored HOMFLY-PT polynomials, see uni Section 5]. 

Moreover, we show that a straightforward generalization of our approach also leads to dia¬ 
grammatic presentations for categories gl 7 v|M"]^odes of Uq(gl 7 v|M)"™odules tensor generated 
by exterior and symmetric powers of the vector representation. The presentations are given by 

^We use colored diagrams in this paper. The colors (black, green and red) are important and we recommend 
to read the paper in color. If the reader has a black-and-white version, then green will appear lightly shaded 
and black and red can be distinguished since black edges are always labeled 1. 
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quotients A^|M-Webgr of oo-Webgr, which are obtained by killing Gyoja-Aiston idempotents 
corresponding to box-shaped Young diagrams. 


1.1. The framework. One classical diagrammatic presentation is, modernly interpreted, due 
to Rumer, Teller and Weyl [24]. It states that the Temperley-Lieb category gives a diagram¬ 
matic presentation of the full subcategory of Uq(s[ 2 )-modules tensor generated by the vector 
representation of Uq(s[ 2 ). In our notation, Temperley-Lieb diagrams can be seen as certain 
black-green webs with green edges of label 2 erased. Erasing of such edges is possible since 
they correspond to = Cg, which is the tensor unit in this representation category. The 

caps and cups in the Temperley-Lieb calculus can then be obtained because = (C^)* holds 
as Ug(sl 2 )-niodules. 

Kuperberg extended this in |15] to all rank 2 Lie algebras. In particular, he gave a dia¬ 
grammatic presentatiord of the full subcategory of Uq(s[ 3 )-modules tensor generated by the 
two exterior powers and A^C^. His presentation can be recovered from ours by 

restricting to black-green webs, specializing N = 3 and the identification AgC^ = (Aq~^Cg)* 
of Uq(s[ 3 )-modules. 

Cautis, Kamnitzer and Morrison showed in [3| how to extend Kuperberg’s ideas to give 
a diagrammatic presentation of gljv-Mode, the full subcategory of Ug(g[ 7 v)-modules tensor 
generated by the exterior powers AgC^ for k = 0,... ,N. Partial results, specifically with 
respect to link polynomials, had been obtained before (for example in [20|). But the question 
remained open for a long time, since it was not clear how to prove completeness for a list of 
local relations in such a presentation. 

The problem was solved in [1] by using skew quantum Howe duality (or short, skew q-Howe 
duality). In order to explain their approach, let k E Z>q such that ki + ■■■ + km = K. By 
skew g-Howe duality, the commuting actions of Ug(g[^) and Ug(g[^) on 

Af (C- ® Cf) - ® • • • 0 A^C^ 

give rise to a functor : Ug(g[„) —>• gl^y-Modg, where Ug(g[^) is the idempotented form 
of Ug(g[^). Then Cautis, Kamnitzer and Morrison considered, in our notatioqj. 


( 2 ) 


Ug(0U)^0l7V-Mode 



AT-Webg 


where T^^^ is a certain ladder functor realizing an action of Uq(g[^) on the diagram category 
A^-Webg. The presentation functor T is constructed such that ([2|) commutes. The functor 
<I>^ew remains to study its kernel, which, in this case, is only generated by killing 

g[^-weights with entries not in {0,..., A^}. That T is an equivalence follows since A^-Webg 
is defined to be the quotient of a “free” web category by relations coming from Ug(g[^) (to 

^In fact, Kuperberg as well as [4] worked more generally with spiders and pivotal equivalences. Moreover, 
also considered a more general framework by allowing caps and cups. 

^We consider gljy-Modes instead of sliv-Modes, see also Remark ll.il 





4 


DANIEL TUBBENHAUER, PEDRO VAZ, AND PAUL WEDRICH 


make the ladder functor well-defined) and the image of the kernel of As 

before, slAr-Mode can be recovered by identifying AqC^ — as Uq(s[Ar)-modules. 

In |23] the situation of symmetric quantum Howe duality (for short, symmetric (;-Howe 
duality) was studiecO. That is, there is an analogue of ([2]) where glTv-Modg is replaced by 
gljv-Mods, the full subcategory Ug(gljv)’™odules tensor generated by the symmetric powers 
Sym^C^ for I G Z>o. Moreover, iV-Webg is replaced by A^-Webr which can be recovered from 
our diagrammatic presentation by considering purely red webs. Again, it remained to study 
the kernel of the corresponding functor this was successfully done in [23] for N = 2. 

In this case, the kernel of is generated by killing gl^^-weights with negative entries and one 
additional dumbbell relation, which encodes the g[2-Mods relation = Cg 0 Sym^Cg. 

A direct generalization for N > 2 would require even more extra relations, besides killing 
gl^-weights. 

In this paper we give a diagrammatic presentation of the category gl^y-Modes, a category of 
Ug(g[jv)-niodules containing both exterior and symmetric powers of the vector representation. 
This diagrammatic presentation gives a common generalization of the web categories of |1| 
and |23] . Our approach is to turn Cautis, Kamnitzer and Morrison’s recipe on the head: we 
see their approach as a machine that “takes dualities and produces diagrammatic presenta¬ 
tions of the related representation theoretical categories”. Specifically, we start with super 
quantum Howe duality (for short, super g-Howe duality) between the superalgebra Ug(g[,„|„) 

and Ug(g[jv)- We obtain a full super (^-Howe functor which we attempt to factor as 

a composite of a ladder functor - mapping into an appropriate web category - and a 

diagrammatic presentation functor Tjv, to give an analogue of the commutative diagram ([^. 
In this analogue Ug(g[,„) is replaced by Ug(g[^|„), glTv-Modg is replaced by a category of 
Ug(g[^)-modules tensor generated by exterior AgC^ and symmetric powers SymgC^, and 
A^-Webg is replaced by a category of green-red webs, where the color indicates whether an 
edge represents an exterior or a symmetric power. Having decided to follow this strategy, the 
definition of the appropriate web category - as a quotient of a “free” green-red web category 
- is already determined. Two aspects are important: 

(I) In order to make well-defined, the web category needs to satisfy ladder images 

of Ug(g[,„|„) relations. Remarkably, it suffices to consider relations coming from the 
subalgebra Ug(g[,„) © Ug(g[„) and only one additional super commutation relation 
[2]lg = FmEmlj: + EmFmlj: for g[^|„-weights with km = km+i = 1- This corresponds 
to the dumbbell relation on webs and to (0 = AqC^ © SymgC^ in gl^v-Modes. 

(II) In order to make the diagrammatic presentation functor an equivalence, we need to im¬ 
pose the ladder image of ker(<h^^"') as relations in the web category. In fact, ker(<I'^^"') 
is spanned by idempotents corresponding to gl^|^-weights k = [ki,... ,km+n) with 
ki,...,km ^ { 0 , ...,A'} or km+i, ■ ■ ■ ,km+n ^ ^> 0 - It is remarkable that no extra 
relations, aside from killing these gl^|,^-weights, are necessary. 


^In fact, the observations made in the paper m were one of the main motivations to start this project and 
are used throughout the present paper in many ways. 



SUPER g-HOWE DUALITY AND WEB CATEGORIES 


5 


We impose the ladder images of ker(<f>^^"') in two steps: first we kill all gl^|„-weights with 
negative entries by allowing only non-negative labels on web edges. This produces the web 
category oo-Webgr, which is symmetric under exchanging green and red. On this we further 
quotient by setting gl^j^-weights k = (fci,..., km+n) to zero if one of ki,... ,km is greater 
than N. This produces the web category At-Webgj. and in Theorem 13.201 we show that its 
additive closure is equivalent to gljy-Modes. In Theorem 13.221 we use quantum Schur-Weyl 
duality to derive from Theorem 13.201 that oo-Webgj. gives a diagrammatic presentation of the 
idempotented Hecke algebra H from above. 

Remark 1.1. We describe gl^y-Modes and not slAr-Modes because of the algebraic form 
of super g-Howe duality. In particular, our web categories do not contain duality isomor¬ 
phisms AqC^ = which would be necessary for a diagrammatic presentation 

of slAT-Modes. In g[^-Modes, on the other hand, there are no such hidden duals, as we 
have = Af ® (A^"^C^)* as Ug(g[^)-modules. Here A^Cf = T((l,..., 1)) is the 

Ug(g[jv)-module of highest weight A = (1,..., 1) G ^>o- 

Last, but not least, we use the more general super q-Howe duality between Ug(g[^|„) 
and Ug(g[jv|M) fo describe g[ 7 v|M'Alodes. Feeding that duality into the “diagrammatic 
presentation machine” shows that this representation category is equivalent to the quotient 
A^|M-Webgr of oo-Webgr, which is obtained by killing the Gyoja-Aiston idempotent corre¬ 
sponding to the size {N -|- 1) x (M -|- 1) box-shaped Young diagram. This is a generalization, 
since for M = 0, gl^YiJv^f-Modes is equivalent to gljy-Modes and Y’jM-Webgr is equal to 
A^-Webgr, because the box idempotent corresponds exactly to an {N -|- l)-labeled green edge. 

This diagrammatic presentation generalizes Grant’s and Sartori’s presentations of the cate¬ 
gory g[]^|^-Mode, see [8] and [25], and the diagrammatic calculus for gl^jj^^-Mode given in [2T] 
(see also [7]). Gompared to the latter, our generalization, which also takes the symmetric pow¬ 
ers of into account, does not need any extra relations aside from the dumbbell relation. 

In fact, the one extra relation needed to make the diagrammatic calculus given in |2T] faith¬ 
ful, see [211 Remark 6.19], has a very compact and natural description in our green-red web 
category AjM-Webgi.. 

Finally, we sketch how our diagrammatic presentation of g[ 7 v|j\^-Modes extends to take 
duals of exterior and symmetric powers into account. This closely follows [211 Section 6]. The 
resulting diagrammatic category allows the computation of the colored Reshetikhin-Turaev 
g[jY|^-link invariants. In Gorollarv l5.131 we interpret the colored HOMFLY-PT symmetry ([T|) 
as a stable version of a symmetry between colored Reshetikhin-Turaev gl^riM" gl^vg-jjv-hnk 
invariants. 

1.2. Outline of the paper. Section [2] is the diagrammatic heart of our paper where we 
introduce oo-Webgr and it subquotients WWebgr, WWebg and Ai-Webr. 

Section [3| contains the proof of our main theorems and splits into three subsections: we first 
introduce super g-Howe duality. Then we show an equivalence between “sorted” subcategories 
of Ai-Webgr and glTv-Modes- These subcategories are induced by the algebraic form of super 
g-Howe duality. By using the “sorted” equivalence and the fact that the braiding gives a way 
to “shuffle” the “sorted” sub categories, we prove our main theorems. 
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In Section 0] we discuss one application of our diagrammatic presentation: we give a proce¬ 
dure to recover the colored HOMFLY-PT polynomial from oo-Webgr. A direct consequence of 
the green-red symmetry is a symmetry within the colored HOMFLY-PT polynomial obtained 
by transposing Young diagrams, see m- The colored Reshetikhin-Turaev sljv-link polynomials 
can be recovered from our approach as well, as we sketch in the last subsection. 

Finally, in Section[5]we generalize the diagrammatic presentation of gljv-Modes to the super 
case 0[^|jvf-Modes and we sketch an extension of our diagrammatic calculus to include dual 
representations. The required arguments are - mutatis mutandis - contained in the previous 
sections and in [211 Section 6], which allows a very compact exposition in Section [5j 

Acknowledgements: We thank Antonio Sartori for a careful reading of a draft version 
of this paper and many helpful comments. Special thanks to David Rose - many of the 
ideas underlying this paper came up in the joint work between him and D.T. We also thank 
Jonathan Brundan, Jonathan Grant, Jonathan Kujawa, Marco Mackaay, Weiwei Pan, Jake 
Rasmussen, Marko Stosic, Catharina Stroppel, Geordie Williamson and Oded Yacobi for help¬ 
ful discussion, comments, and probing questions. We also like to thank Skype for many useful 
conversations. 


2. The diagrammatic categories 

In the present section we introduce the category oo-Webgr and its quotient A-Webgr. 
These provide diagrammatic presentations of H and its quotient categories gl^-Modgs re¬ 
spectively. Other subquotients of oo-Webgr are A-Webg and A-Webr (and later in Section |5l 
A|M-Webgr) which are related to categories studied in [3] and in [23] respectively. 

2.1. Definition of the category oo-Webgr and its subquotients. We first introduce the 
free green-red web category oo-Web|j,. To this end, we denote by X the set 

X =XbUXgUXr = {Ob, lb} U {2g,3g, . . . } U {2r, 3r, . . . }, 

where we think of the elements of Yb as being colored black, of the elements of Xg as being 
colored green and of the elements of Xr as being colored red. We usually omit the subscripts, 
since the colors on the boundary can be read off from the diagrams. 

Definition 2.1. The free green-red web category, which we denote by oo-Web|r, is the category 
determined by the following data. 

• The objects of oo-Web|j, are finite (possibly empty) sequences k G X^ with entries 
from X for some L G Z>o, together with a zero object. We display the entries of k 
ordered from left to right according to their appearance in k. 

• The morphism space Hom^.^^j^/ {k,l) from A: to / is the Cg-vector space spanned by 

isotopy classed of planar, upwards oriented, trivalent graphs with edges labeled by 
positive integers and colored black, green or red, with bottom boundary k and top 
boundary 1 . More precisely, we only allow webs that can be obtained by composition 
o (vertical gluing) and tensoring (g) (horizontal juxtaposition) of the following basic 
pieces (including the empty diagram). 

®We require that isotopies preserve the upward orientations and the boundary of green-red webs. 
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Let k,l E Z> 2 , then the generators are 


1 k k k-\-l k I k-\-l k I 



1 k k k I k-\-l k I k-\-l 


called (from left to right) black identity, green identity, red identity, green merge, green 
split, red merge and red split, together with (here k, I E Z>o) 

fe + l k 1 l + l 1 l l + l 1 l k + l k 1 

‘"A'Y’A’Y’A’Y’A'Y 

k 1 fe+1 1 I ^ + 1 1 I ^ + 1 k 1 fc + 1 

called mixed merges and mixed splits respectively. 

We call webs obtained by composition of generators with only black and green edges or only 
black and red edges monochromatic. O 


Remark 2.2. Note the following conventions and properties of oo-Web|j.. 


(4) 


• The category is Cg-linear, i.e. the spaces Hom^.^^j^/ {k,l) are C^-vector spaces and 
the composition o is Cg-bilinear. Moreover, the category is monoidal by juxtaposition 
0 of objects and morphisms. 0 is also Cg-bilinear on morphism spaces. 

d notation, we allow edges of label 1 to have any color: 

11 2 11 2 11 

.. = 1 and ^ ^ , Y 

11 11 2 11 2 

although formally green and red edges with label 1 do not exist. The merges and splits 
on the right are obtained by setting fc = 1 or / = 1 in ([3]) . 

• The reading conventions for all webs are from bottom to top and left to right: given 
two webs u, V, then v o u is obtained by gluing v on top of u and u 0 u is given by 
putting V to the right of u. Moreover, if any of the top boundary labels of u differs 
from the corresponding bottom boundary label of v, then, by convention, v o u = 0. 

• For j E Z>i, we define the so-called monochromatic cmd ladders as 


As a shorthan 


k-j l+j k+j l-j 



k I k I 


and analogously in red. Sometimes we draw such ladder rungs horizontally. We also 
have the mixed and El(y iyladders 


k-l l + l k+l l-l 



k l k i 
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Similarly by exchanging green and red. Note that the ladders from (l5|) exist for all 
j E Z>i, while the mixed ladders from Q exist only for J = 1. 


Definition 2.3. The green-red web category oo-Webgr is the quotient of oo-Web|j, obtained 
by imposing the following local relations on morphisms. The monochromatic relations, which 
hold for green webs as well as for red webs: associativity 


h-\-k-\-l h k I h k I 



h k I h k I h-\-k-\-l h-\-k-\-l 


where we use the shorthand notation from ([5]) if some of the labels are 1. Next, the digon 
removal relations 


k-\-l k-\-l 



k-\-l k-\-l 


for which k, I might be 1. In these relations the s,t-quantum binomial is given by 

[s] [s - 1] • • • [s - t + 2] [s - t + 1] 

[t]! »■ 

Here [s] = S Cq is the s-th quantum number and [t]\ = [1][2] • • • [t — l][t] E Cg is the 

t-th quantum factorial (s E Z, t E Z>o). Finally, the (in)famous square switch relations 


s 

t 


k-ji+h l+h-h 


k-h+i2 l+ji-h 


(9) 


k-ii 


J2 




i+n = 

r>o 


k-ji-l+ j2 

j' 


k + j2-f 


Jl-3 




' ' l-32+j' 


I 


Here we allow j\ or j 2 to be 1 (we will get mixed square switch relations, with one green and 
one red side, in Lemma l2.10p . 

The defining relation between green and red edges is the dumbbell relation: 


( 10 ) 



In addition to the above: webs with edges labeled < 0 do not exist in our calculus. Since it is 
sometimes convenient in pictures to illustrate webs that could potentially have edges labeled 
< 0, we define these to be zero. O 
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Remark 2.4. Observe that oo-Webgr is symmetric under exchanging green and red. In the 
following we will often refer to this symmetry to shorten arguments. 

Definition 2.5. The category A^-Webgr is the quotient category obtained from oo-Webgr by 
imposing the exterior relations, that is, 


( 11 ) 


= 0 , a k > N. 


The exterior relations hold only for green edges. These relations mean that any web u with a 
green edge labeled k > N is zero. In contrast, red edges labeled k > N are usually not zero. 

The sorted web category WWebg™* is the full (non-monoidal) subcategory of iV-Webgr 
whose object set consists of with no red boundary point left of a green boundary 

point: if ki € for some i, then k^i G Xi, U Xr- O 

Remark 2.6. The relations m are diagrammatic versions of 

^>N^N ^ 

Definition 2.7. The category iV-Webg is the subcategory of WWebgr consisting of only 
black and green objects and whose morphism spaces are spanned as Cg-vector spaces by webs 
that contain only black or green edges. 

Similarly, the category WWebr is the subcategory of WWebgr consisting of only black and 
red objects and whose morphism spaces are spanned as Cg-vector spaces by webs that contain 
only black or red edges. 

We call these categories monochromatic. O 

Remark 2.8. We will see in Corollary 12.161 that WWebg is equivalent to the web category 
given in [H Definition 2.2] (without tags and downwards pointing arrows). The category 
WWebr is a generalization of the one given in |23l Definition 1.4]. In fact. Proposition 12.151 
shows that both monochromatic subcategories are full in WWebgr. 

2.2. The diagrammatic super relations. We show in this subsection that diagrammatic 
versions of the relations (fTH)) in the Howe dual quantum group Ug(g[^|„) from Definition I3.II 
hold in our diagrammatic categories oo-Webgr and WWebgr. 

Lemma 2.9. We have the relations 


k k 



k k 


where the dots should indicate k parallel black edges with label 1 which split off the bottom 
and merge with the top in any order (the order does not matter because of (j7|)). 
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Proof. It suffices by associativity ([Tj) to show the statement for A; = 2. We have 



The other k = 2 relation follows by symmetry. 
Lemma 2.10. (a) We have for all k,l € Z>o 


□ 


k-2 


1 + 2 


k-2 1+2 


k + 2 


k-1 


' - 1 


^ w Z + 1 — k—1 - w 


1 


> Ik Z -|- 1 - 0 - fc -j- 1 k 


k + 2 


1-2 


^ K « k 


1-1 = fc+l>k 


- k Z — 1 


(b) We have for all k, I G Z>o 


[k + 1]-- '■ = k+i 


1 


i-i + k-1 


1 


Z + 1 


Similarly for exchanged roles of green and red 
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(c) We have for all k, I G Z>o 


fei—1 /l2 — 1 ^3 + 1 ^4 + 1 



fci-l k2-l fca + l ki + l ki-l *2-1 fca + l k^ + l 




ki — 1 /C2 — 1 ^3 + 1 ^4 + 1 ki — 1 ^2 — 1 ^3 + 1 ^4 + 1 




Similarly for exchanged roles of green and red and flipped horizontal orientations. 

Proof, (a): Directly from ([7]), Lemma 12.91 and symmetry. 

(b): Let u and v denote the two webs on the right-hand side of (b) above. Using ([9]) for 
the edges labeled A: -|- 1 and ^ 1 in ?x respectively v, we get 

k I k I k I k I 


1 

1 - 




'• 1 

1 - 




1-)— 








- 2- 


—[k— !][/] ' 

>. * 

" , V = k-l. 

< 2- 

<. * 

. i-i -1- [fc][l - 1] ' 


1 

1 




1 

1 













* 





* 




k I k I k I k I 


after collapsing appearing digons. By using (fTOj) on the central vertical edges in the expansions, 
we see that u + v = s ■ id(;j^/). The scalar is s = [2][/c][Z] -|- [A:][l — ^ — [k — 1][Z] = [k + 1], The 
other cases follow by symmetry. 

(c): We start with the web on the left-hand side and first use m on the middle two 
horizontal edges. Thus, we obtain (our drawings are simplified and the orientations pointing 
down could be isotoped to point up) 

ki — 1 k2 — l A;3 + 1 ^4 + 1 ki — 1 k2 — l A;3 + l ^4 + 1 ki — 1 k2 — l fes + l ^4 + 1 
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The two marked parts above are monochromatic squares, which can be switched to give: 

fe2-l 2 fe2-l 2 fe2-l 2 fea + l 1 /C3 + 1 1 fea + l 1 


fe2 


^2 — 1 

—<- 


fc2 —1 •* ' 


1 = 


^2 + 1 > '■ -\- 
1 


k2 


1 k2 


^2-2 

— 


1- k 




1 i. 
—>—I 


^3 “ 1 “ 1 — *<‘ k 2,-\-‘2 -|— 

ks 


k2 


k3 


2 ks 


fes —1 

-<- 


^3 


Plugging these four terms back in, we get the four webs from the right-hand side of the 
equation in (c) (in the indicated order) which can be seen by using ([7|) as for example 


fel —1 /l2 — 1 ^3 + 1 ^4 + 1 ki — 1 ^2 — 1 ^3 + 1 ^4 + 1 


s 1 « ^ •• 


.• <> 1 


ki k2 fcs k4 


k2 A;3 k4 


The other three cases in (c) follow by symmetry. 


□ 


2.3. Green and red clasps. We show now that our calculus contains web analogues of the 
Jones- Wenzl projectors of the Temperley-Lieb algebra. We call them clasps, following m- 
From now on, we denote by capital vectors as K £ special objects of oo-Webgr of the 
form K = (lb,..., lb) with K entries equal lb and no other entries. 


Definition 2.11. Let K £ We define the K-th green clasp £ Endoo_webgr(-fi") 

recursively: CC\ is the black identity strand and for K £ Z>i set 


1111 1111 


T T T 1 


IT 1 



= 



I I 1 





1111 1111 


[^-1] 

[K] 


111 

t t t 



Similarly for the red clasp by exchanging green and red. 


O 


The following lemma identifies the clasps avoiding the recursive definition. 


Lemma 2.12. We have for all K £ Z>o 


1- • -1 1- • -1 



1- •-1 1- • -1 


where we repeatedly split an edge labeled K until all of the top and bottom edges are black. 
Proof. Up to signs and drawing conventions as in [231 Lemma 2.12] and left to the reader. □ 
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Corollary 2.13. For all K E Z>o: the projector can be expressed as a linear combination 
of webs with only black and red edges of label 2. Similarly for 


Proof. Directly from (IlDh and Lemma 12.121 □ 

Example 2.14. The projector CC\ is just the black identity strand, the projector CC 2 is pj 
times the red dumbbell as in (fTU]l and 



Note that all edges appearing on the right-hand side are black or green with label 2. ■ 


Proposition 2.15. Let k and I be sequences of black and green boundary points. Every web 
u E Homoo-Webgr(^) 0 can be expressed as a sum of webs with only black and green edges. 
Similarly by exchanging green and red. 

Proof. We start by exploding every red edge. Around internal vertices of u with no outgoing 
green edges we get 

k-\-l k-\-l 




Note that the marked part above is up to a non-zero scalar. Thus, we can use Corol¬ 
lary [2T3] to replace by a non-zero sum of webs with only black and green edges. Re¬ 

peating this for all purely red internal vertices shows the statement, since all outer edges are 
assumed to be black or green. The other statement follows by symmetry. □ 

Denote by A^-WebcKM the category given in [U Definition 2.2] (without tags and downwards 
pointing arrows). As a consequence of Proposition 12.151 we see that interpreting webs in 
A^-WebcKM as green webs in A^-Webgr gives a full functor between these categories. In 
Lemma 13.131 we will see that it is also faithful and we get the following corollary. 

Corollary 2.16. The functor : WWebcKM A^-Webgr, given by coloring webs green, 
is an inclusion of a full, monoidal subcategory. In particular, iV-WebcKM and WWebg are 
equivalent as monoidal categories. 

Proof. The functor is well-defined since all relations in iV-WebcKM hold in WWebgr. That 
is monoidal is clear, fullness follows from Proposition 12.151 and faithfulness from Lemma 13.131 
Thus, we see that iV-WebcKM and A^-Webg are monoidally equivalent. □ 

'^We “explode” by using Q (the order of does not matter by ©). We indicate “explosions” with dots. 
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2.4. Braidings. We define now a braided monoidal structure on oo-Webgr. 

Definition 2.17. Define for k,l € Z>o an elementary crossing depending on four cases. The 
monochromatic crossings (note the different powers of q): 


( 12 ) 




\ 

k I 


jlj2>0 

jl-j2=k-l 


32 


31 


k I 

I k 

32 


AL=X=(-i)V'= E (-<!)+*"-«•■ 


k I 


jl,j2>0 

jl-j2=k-l 


11 


k I 

The mixed crossings are defined via explosion of the strand going over: 


(13) 


A”= X 

k I 


m A* = X = M 


^ k i 

k I k I 

where the remaining crossings are of the form /?[ ^ or respectively. 

Example 2.18. The case k = I = 1 is not ambiguous, since we have 

/i 1 1 i\ / 


/3f,i = q 


■ ^ - q ^ 2, 


1 1 

as a small calculation shows. 


A 

1 1 


unii _i 

= -q 



= /3r,i, 


o 


As a shorthand notation, we write /3* ^ where • stands for either g, r, m or m from now on. 
Note that the sums in (I12p are finite, because webs with negative labels are zero. 


Lemma 2.19. (Pitchfork relations) We have 







Similar with exchanged roles of green and red, for the monochromatic cases and with merges. 
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Note that the pitchfork lemma directly implies that (fT3|) could also be done by exploding 
the edges going underneath instead of the edges going over (or exploding both). 


Proof. The pitchfork lemma with only green colored edges follows as in 1201 Lemma 5.3]. By 
symmetry, the arguments go through for the monochromatic red case as well. 

The mixed, left-hand equation is easy to verify by the above, since we explode the over¬ 
crossing edge and we thus, can directly use the monochromatic case. It remains to prove the 
mixed, right-hand equation. We only need to check the case k = 2, the case k E Z >2 then 
follows easily from this case by using Lemma 12.91 We write 



The rightmost diagram is zero by Lemma [2.91 and the monochromatic pitchfork relations. This 
proves the mixed right-hand equation. The other cases are analogous. □ 

Let k E X>Q be an object in oo-Webgi-. We define for i = 1,... ,L — 1 the crossing /3*lg 
to be the corresponding elementary crossing /3*, between the strands i and i + 1 and the 
identity elsewhere. Clearly, it suffices to indicate the rightmost Ig in a sequence of /3*lg’s. 

Lemma 2.20. The crossings /3*lg satisfy the braid relations, that is, they are invertible, they 
satisfy the commutation relations = (3*(5*1^ for |i — j\ >2 and the Reidemeister 3 

relations for \i - j\ = 1. 

The inverses /3*~^ are given as in m, but with q ^ q ^. See also [201 Section 5]. 

Proof. By Lemma 12.191 since the black case can be verified as in |20l Section 5]. □ 


Remark 2.21. Let Sk denote the symmetric group in K letters. Moreover, let w E Sk 
and let /3!^ E Endoo-Webgr(-fi^) be the permutation braid associated to w (this is a well-defined 
assignment by Lemma f2.2UI) . Let £(w) be the length of w. Following |14l Chapter 3, Section 2], 
one can show that 


= q^ 


1 

[K] 


E(-^) 


—i(w) 


K(K-l) 

/?; , CC^K = q -^ 


wgSk 


1 

m 


T.' 

wGSk 


£(ui) 


z?:- 


K(K-l) K(K-l) 

The factors q 2 and q 2 come from our conventions for crossings. 


Define 


/?? - for objects k = {ki,..., ka) and I = (Zi,..., /fe) via 



where blue should stand for all suitable color possibilities. 
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Recall that a braided monoidal category (with an underlying strict monoidal category) is 
a pair {C,(d^.) consisting of a monoidal category C and a collection of natural isomorphisms 
k ^ I ^ I ^ k such that the hexagon identities hold for any objects k,l,m of C: 


(14) 






/?: 






c 

Lrh^ 


Proposition 2.22. The pair (oo-Webgr, /3.*.) is a braided monoidal category. 

Proof. Since oo-Webgi- is a monoidal category and are isomorphism that clearly sat¬ 
isfy (HH), we only need to prove that they are natural isomorphism. That is, we need to 
show that, for each web u E Homoo-Webgr (^) 0 each other object rh = (mi,... ,mc) of 

oo-Webgr, we have (we again use blue as a generic color) 


mi . . . me U • • • ib mi . . . me Zi • . • Zj, 




The equality follows from Lemma 12.191 This proves the statement. □ 


The braiding /3*. descends to the subquotients A^-Webgr, A^-Webg and A^-Webr and we 
denote all induced braidings also by fd*.. They are all given by the formulas in Definition 12.171 
but some diagrams might be zero due to (HU). 

Corollary 2.23. (A^-Webgr,/3*.), (iV-Webg,/3*.) and (iV-Webr,/3*.), with f3*. induced from 
(oo-Webgr,/3*.), are braided monoidal categories. □ 

Note that WWebcKM is also a braided monoidal category, see [H Corollary 6.2.3]. We 
rescale their braiding by multiplying it with q n and we denote the resulting braided monoidal 
category by (WWebcKMj /?.*.)• The following corollary is immediate from Corollary 12.161 

Corollary 2.24. The functor : (WWebcKM)/3.*.) —>■ (-iV^-Webgr,/3.*.) is an inclusion of a 
full, braided monoidal subcategory. □ 

2.5. A collection of diagrammatic idempotents. Recall that the Iwahori-Hecke algebra 
HK{q) is the g-deformation of the symmetric group algebra C[S'i^] in K letters. It is generated 
by {Hi I Si E Sk} for all transpositions Si = {i,i + 1) G Sk subject to the relations 

Hf = {q-q-^)Hi + l, for i = 1,..., A - 1, 

HiHj = HjHi, for|f-j/j>l , HiHjHi = HjHiHj, for|f-jj = l. 

There is a representation pK- Cq{BK) —> Hj^iq) of the group algebra Cq{BK) of the braid 
group Bk in K strands given by sending the braid group generators (between the strands i 
and i + 1) to Hi. Thinking of the generators Hi of Hxiq) as crossings also makes sense from 
the perspective of the webs, as the next lemma shows. 
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Lemma 2.25. Given K G Z>o, then 

^K{q) —> Endoo-Webgr(-^)) T T X T T , as Cq-algebras. 


111111 


111111 

In order to prove Lemma 12.251 which will be used in Section 01 we need Theorem 13.2UI 


Proof. A direct computation shows that ‘hgg'w is a well-defined C^-algebra homomorphism. In 
fact, the composition T o is the isomorphism induced by quantum Schur-Weyl duality. 

To see this, let V = (C^and recall that quantum Schur-Weyl duality states that 

(15) ^Kiq) Endu^(g(^)(X) and ^Kiq) —> Endu^(gi:^)(X), if > iT. 

Here is the C^-algebra homomorphism induced by the action of H^iq) on the iC-fold 

tensor oroduct V. Bv Theorem 13.201 we will eet an isomorohism Hiria) = EndAr.woK {K\ if 
N > K. By using Proposition 12.151 there is a basis of End 7 v-Webgr(A') for > AT given by 
webs with only black edges or green edges with labels at most K. Since K is fixed, a direct 
comparison shows that has to be an isomorphism as well. □ 


Let K G Z>o and let A+(Ar) denote the set of all Young diagrams with K nodes, e.g. 


A = (4,3,1,1) G A+(9) A = 


A"^ = (4, 2, 2,1) G A+(9) 4^ A"^ = 


where we use the English notation for our Young diagrams. Here we have also displayed the 
transpose Young diagram A"*" of A. 

The following definition is motivated from m] and [I]. 

Definition 2.26. (Gyoja-Aiston idempotents) Given A G A'’'(A'), we associate to it a 
primitive idempotent eq{\) G Endoo-Webgr(-^)- Eirst we define two idempotents as tensor 
products of green or red clasps: 

ecoi(A) = C-^coii G ■ ■ ■ ^-^coic ’ ®row(A) = (8) • • • G 

where c, r are the number of columns and rows of A respectively, and cob and rowj denote the 
number of boxes in the f-th column and row. 

Denote by and by the two tableaux of shape A obtained by filling the numbers 
1,..., AT into Young diagram A in order: —> means rows before columns and f means columns 
before rows (both from left to right). Pick any shortest permutation w{\) G Sk permuting 
Tff to T^. Then we define the quasi-idempotent associated to A via 

eg(A) = ecoi(A) o o erow(A) o ■ 

By [H Theorem 4.7] (and the fact that their definition agrees with ours by Lemma 12.251 and 
Remark 12.21 p . there exists a non-zero scalar a(A) G Cq such that eg(A)^ = a(A)eg(A). Thus, 
we define the idempotent associated to A to be eq{\) = ^^eg(-^)- These are primitive and 
orthogonal by [TTl Theorem 4.5] and [H Theorem 4.7]. O 
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Example 2.27. UK = 2, then there are two primitive idempotents, namely 


e 


<? 



1 1 


green to red 

< = 

red to green 



1 1 


— Cq ( U_l ) 


Note that o(A) = 1 for all one column or only one row Young diagrams A. ■ 

Lemma 2.28. Exchanging green and red swaps eq(A) to . 

Proof. An elementary computation, which uses that ecoi(A), °®row(A) and eq(A) 

are idempotents and that eq(A) is primitive, shows: 

eq(A) = ecoi(A) o o erow(A) o o ecoi(A), 

(A)e<?(A'^)/3* (A)-i = erow(A'^) o /?• (;,T)-i o ecoi(A'^) o /3* o erow(A'^). 

Observe that w{X'^) = r(;(A)“^ and that ecoi(A) and erow(A) differ from erowCA"*") and ecoi(A"'") 
respectively only in exchanging the colors green and red. This proves the statement of the 
lemma for the quasi-idempotents. Applying the green-red symmetry to both sides of the 
equation eq(A)^ = o(A)eq(A) shows that a(A) = a(A"'") and the lemma follows. □ 


Example 2.29. For A = (3,1) € A+(4), we have 
A = 



— 

1 

2 

3 

rpi- _ 

1 

3 

4 


) ^ A 

4 




2 



Thus, w = (243) G 54 permutes Tf* to T^. Then 


111 


1111 


1111 


eg(A) = 



green-f->-red 

^ 



= eg(A^). 


1111 


1111 


1111 


Moreover, the scaling factor in this case is a(A) = = a(A'^). ■ 

Remark 2.30. For N > K, the Rii-(g)-module decomposes into 0AeA+(A')('S'^)®’”^ 

where the 5^ are the irreducible Specht modules for Rxig) and mx are their multiplicities. 
The primitive idempotents eq(A) from Definition 12.26l are quantizations of Young symmetrizers 
that project onto S^. Note that a braid-conjugate of eq(A), e.g. as in Lemma [2.281 might 
project onto a different copy of 5^ in the above decomposition. 
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3. Proofs of the diagrammatic presentations 

This section contains the proof of our main theorems. 

3.1. Super g-Howe duality. Let m, n G Z>o- We start by recalling the quantum general 
linear superalgebra Uq(0[m|„) and introduce its idempotented form Ug(0lm|n)' We follow the 
conventions used in [3l], but adapt Zhang’s notation to be closer to the one from g]. 

To this end, recall that the g[^|„-weight lattice is isomorphic to 2™+” and we denote the 

0 ^m|n"''^ 6 igtLts usually by vectors k = {ki,... ,km, km+i, ■ ■ ■, km+n)- For I = Iq U Ii define 




0, if f G lo = {1, • • • ,"i}, 

1, if f G Ii = {m + 1,..., m + n}. 

The notation | • | means the super degree (which is a Z/2-degree). We use a similar notation 
for all Z/2-graded spaces where we, by convention, always consider degrees modulo 2 in the 
following. Moreover, let e* = (0,..., 0,1,0,... , 0) G with 1 being in the f-th coordinate, 

and denote by Oj = Cj — e^+i = (0,..., 1, —1,..., 0) G for i G I—{m + n} the f-th simple 

root. Recall that the super Euclidean inner product on 2™+” is given by ( 

Definition 3.1. Let m,n & Z>o. The quantum general linear superalgebra is 

the associative, Z/2-graded, unital Cg-algebra generated by Lf^, for f G I, and Fi,Ei, for 
i G I—{m + n}, subject to the non-super relations 

LiLj = LjLi, L,L-i = L-^L, = 1, L,Fj = UEj = 

~ Fi+1 


EiFj - FiEi = 6, 




q-q 

[2]FiFjEi = EfEj + FjFf, if \i - j| = 1 , if- m, 
[2]EiEjEi = EfEj + EjEf, if \i — jj = 1, i m, 
(for suitable i,j G I) and the super relations 


-1 


i m, 

FiEj — EjFi = 0 , 


EiEj — EjEi — 0 , 


if \i-j\ > 1 , 
if \i-j\ > 1 , 


0 — E F F E — 

^ m — — ■^m’) -^m-^ m ' m-^m — 




m ^m+l 


7-1 


q-q 

[2]FrnFm+lFm—iFm —FmFm+lFmFm—1 T Fm—iFmFm+lFm 

T Fm+lFmFm—lFm T Fiy^F^_\F,iyiF^j_\^ 

\f^FYnEjjij^\Ejji_\EYn —EYnEYn+lEYnE^a—l + E^_iE^Ejyij^iEjyi 

T EjYi+lEjYiEYn—lEYn + EjYiEjYi—lEjYiEYn^\' 

Moreover, \Li\ = 0 for f G I, \Fi\ = \Ei\ = 0 for f G I — {m} and |iLn| = \Em\ = 1- 

We recover Uq(g[ 7 v) by setting m = N and n = 0. We denote Iat = {!,... , A^} in the 
following to distinguish it from I as above. Note that Uq(g[Ar) is concentrated in degree 0. 

The algebra Ug(g[^|^) is a Z/2-graded Hopf algebra with coproduct A, antipode S and the 
counit s given by 

A{Fi) = Fi^l +L-^Li+i0Fi, A{Ei) = Ei(^LiL-f:^ + l(^Ei, A{Li) = Li®Li, 


O 


S{Ei) = -LiLfl^Fi, S{E,) = -EiL-^Li+i, S{Li) = e{Fi) = £{Ei) = 0, e(L,) = 1. 
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In the spirit of Beilinson, Lusztig and MacPherson [2], we now adjoin for all k G 
idempotents Ig of super degree |1^| = 0 to Uq(g[^|„). Denote by I the ideal generated by the 
relations 


^k-ai^i^k ^ ^i^k ^ ^k+ai^i^k ^ ^i^k ^ ^k+Oii^i- 


Definition 3.2. Define by 


tlg(0lrn|n) 


0 lrUg( 0 L|„)l^ mod / 
fc,rGZ”*+'" 


the idempotented quantum general linear superalgebra. 




Remark 3.3. One can view U,( 0 U|J as generated by the divided powers 

= pjy and = pjj-, for i G I—{m + n}. 

This allows the definition of an integral version of Uq( 0 [^|„). For simplicity, we work over Cq 
in this paper and we do not consider the integral version. 

The relations in Ug( 0 [^|„) are obtained from the relations of Ug( 0 [m|„). For convenience 
we list the new versions of the super relations: 

^m^k = 0 = ^rnFm^k ~ i^rn + 

(16) [2]FjnFm+lFm-lFm^j: =F)„F)n,+lF)n,F)n-ll^ + F)„-lF)nF)n+lF)nl^ 

T Fm+lPmFm—l^ml^ T PmFm—iFm^m+l 1^; 

the second of which we call the super commutation relation (the third type of relation holds 
for E's as well). 

It is convenient for us hereinafter to view Ug( 0 [^|„) as a category whose objects are the 
0 L|n-weights k G and = l;TJg( 0 [^|„)l^. 


Recall that the vector representation of Ug( 0 [,„|„) has a basis given by {xi | z G 1} 

with super degrees \xi\ = |z| for z G I, where the Uq( 0 [^|„)-action is defined via 


Fi{xj) 


\xj+i, ifz=j, 
[ 0 , else. 


Xj-i, ifz=j-l, 
0 , else, 


Li{xj) = 


We need to consider the quantum exterior superalgebra A*(C™^"' 0 C^). Recall that a vector 
space V = Vq ®Vi with a Z/2-grading is called a super vector space. Here Vq and Vi are 
its degree 0 and 1 parts. These graded parts of have bases given by {xj | i G Iq} and 
{xi I z G Ii} respectively. In contrast, = (C^)o is concentrated in degree zero and we 
denote its basis by {yj \ j G Itv}- Additionally, the tensor product R 0 IF of two super vector 
spaces V and IF is a super vector space with v ^ w oi degree |z;| + |zc| for two homogeneous 
elements v, w. Specifically, ® Cq is a super vector space with (C™^"' ® C^)o spanned by 
{zij = Xi 0 z/j I z G Iq, j G liv} and (C™'” (g) C^)i spanned by {zij = Xj (gi z/j | z G Ii, j G Iat}. 
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Here \zij\ = |i|. Note that (8) is a Z/2-graded Ug(g[^|„) 0 Ug(g[ 7 v)-module for 

all K G Z>o by using the Hopf algebras structures of Ug(g[^|^) and Ug(g[ 7 v). 

We denote by Symg(C™^"'(8)C^) the second symmetric super power as in [211 (4-1)]. Armed 
with this notation, we define the quantum exterior superalgebra 

® Cf) = T(C™I" ® Cf )/Sym2(C™l" ® Cf), 

where r(C™^”'(8)C^) = denotes the super tensor algebra of 

This is a Ug(g[^|„) (g) Ug(g[ 7 v)-module and decompose as 

A’(C™I-®C^)= 0 Af(C™l"®<). 

The space 0 C^) is called the degree K part of A*(C™^"' (8 C^). 

Remark 3.4. We recover the degree K part of the quantum exterior algebra by 

setting n = 0 and, by |251 Remark 2.1], the degree K part of the quantum symmetric algebra 
Sym^(Cg (8) C^) by setting m = 0. These algebras were originally defined in [3l Dehnition 2.7] 
and used in |H Section 4.2] and in [23l Section 2.1] respectively to study skew and symmetric 
g-Howe duality. 


Example 3.5. Ag (Cg 

(17) 




has a basis given by 


-iiji 


lK]K 


1 < A < • • • < + IT-, 

1 < ji < • • • < < iV, 


and 


^fc+i) 
3k jk+1 ; 


| 4 | = 1 


This can be deduced from m Lemma 4 . 1 ]. In particular, by setting m = 1 and n = 0 , 
obtain a basis for A^C^ of the form 

( 18 ) {Vii ^ ^ Vif, \ I < yi < ■ ■ ■ < VK < N} , 

while setting m = 0 and n = 1 gives a basis for Sym^C^ of the form 

(19) {vh ® • • • 0 yix 11 A yi < • • • < < A^} • 

These are precisely the usual (non-super) bases, see for example |3l Section 2.4]. 


we 


We call a g[^|„-weight A = (Ai,..., Am+n) € a dominant integral gl^j^-weight if 

it is dominant integral as a gl^ 0 gl^-weight. We need these only in the case where they 
can be seen as (mjn)-hook Young diagrams that we, abusing notation, also denote by A 
(here we use the conventions for these (m|n)-hook Young diagrams as in [5l Theorem 3.3]). 
Moreover, we call a dominant integral gl^j^-weight A an {m\n, N)-supported Q[^\^-weight if it 
corresponds to an (mjn)-hook Young diagram with at most N columns. For each such A there 
exists an irreducible Ug(g[^|„)-module respectively Ug(g[^)-module L 7 v(A"'"), see for 

example m Section 2.5]. 


Theorem 3.6. (Super g'-Howe duality) We have the following. 

(a) Let K G Z>o. The actions of Ug(glm|n) Ug(g[jv) on A^(C^^"' 0 C^) commute 
and generate each others commutant. 
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(b) There exists an isomorphism 

® Cf) ^ (Sym'Cf 

of Uq(g[^)-modules under which the fe-weight space of A*(C™^”' iX>C^) (considered as 
a Ug( 0 [^|„)-module) is identified with 

(20) A^°Cf ® Symfc^ = A^'Cf ® ® Ag’-C^ 0 Sym^-+iCf ® ® Sym^-+-Cf. 

Here k = {ki,..., km+n), ko = {ki ,..., kfYi ) and ki = {km+i , . . . , km^n)' 

(c) As Ug(g[^|^) ( 8 ) Uq(gljy)-modules, we have a decomposition of the form 

Af (C-l- 0 Cf) - 0 L^i JA) ® L^,(AT), 

A 

where we sum over all (m|n, A^)-supported gl^j^-weights A whose entries sum up to 
K. This induces a decomposition 

A;(C™I" ® C^) = 0 JA) ® La,(AT), 

A 

where we sum over all (m|n, A^)-supported gl^j^-weights A. 

Remark 3.7. Symmetric and skew Howe duality for the pair (GL^, GLat) is originally due to 
Howe, see m Section 2 and Section 4], Note that the non-quantum version of Theorem 13.61 
can be found for example in [5l Theorem 3.3] or [25( Proposition 2.2]. Moreover, the “dual” 
of Theorem 13.61 given by considering Ug(g[jv) as the Howe dual group instead of Ug(gl^|„), 
can be found in 1211 Proposition 4.3]. 


Proof, (a) and (c) are proven in [281 Theorem 2.2] or in [211 Theorem 4.2] and only (b) remains 
to be verified. For this purpose, we use the bases from (fTT]) . (fTHll and (fT^ to define: 

A^(Cf)^A^(C™l"®Cf), i G Iq, 

Tf : Sym^(C^) ^ A^(C™'" ® Cf), y,, ® ® y,, ha ® ® i € Ii. 

That these maps are well-defined Ug(gljY)-intertwiners follows from the explicit description in 
Example 13.51 Injectivity was shown in [H Theorem 4.2.2] for the first and in [23[ Theorem 2.6] 
for the second map. Thus, for k € with fei km+n = AT, we see that 

T-. 0 A^°Cf ®Sym^iCf ^Af(C™l’^®Cf) 


given by r(ui 0 • • • <8) Vm+n) = Tf{vi) 0 • • • <8) Tf^{Vm) ® T,^+i(Um+l) ® ® Tf^^.^{Vm+n), is 

an Ug(g[jv)-Riodule isomorphism by comparing the sizes of the bases from Example 13.51 This 
clearly induces the isomorphism of Uq(gljY)-modules we are looking for. 

It remains to verify the Uq(g[^|„)-weight space decomposition from (1211 . To this end, we 

only have to see that the action on Aq°C^ (8) Sym^^C^ of the Ljds of Ug(g[^|„) under the 
inverse of T is just a multiplication with action of Ug(g[^|„) is given by 


Lj^f (^z. 


*ji 


' ^ijm + n ) ~ Aj' (Zjjj ) 


i Li> {z, 


Dr. 






Hence, the Ug(g[,„|„)-weight space decomposition follows. 


□ 
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By Theorem 13.61 part (b): we get linear maps 

fl: ^ Homu,(g,,)(A^^°C,^ ® Sym^^Cf, ® Sym^^Cf) 

for any two k,l € such that Using part (a) of Theorem 13.61 we 

see that the homomorphisms fl are all surjective. Thus, we get the following. 

k 

Corollary 3.8. There exists a full functor Ug( 0 l^|„) ^ gl^y-Modes, which we call the 

super q-Howe functor, given on objects and morphisms by 


imln -♦ -* 


fk^)- 


Ajoc^^Sym^iCf , 

Everything else is sent to zero. □ 

3.2. The sorted equivalences. In this subsection we construct a full and faithful functor 


N 


: iV-Web 


gr 


gljv-Mod; 


sort 
es ’ 


where A^-Webg°” is the sorted web category from Definition 12.51 and gl^v-Modgg denotes the 
full subcategory of gl^-Modes whose objects are sorted as in (f 20 ]l . 

We essentially define T^''* such that there is a commuting diagram 


Ug(0L|n)^^0^7V-Mod: 


sort 

es 


( 21 ) 


^'Y^T} 

J- s 


psort 

^ N 


A^-Web|7* 


The functor is a ladder functor, whose definition is motivated by [H Subsection 5.1]. 


Lemma 3.9. Let m,n € Z>o. There exists a functor Ug(g[,„|„) — >■ WWeb|“^ which 

sends a g[^|^-weight k € Z>+” to {{ki)g,..., {km)g, {km+i)r, • • •, {km+n)r) in iV-Web|”*^ and 
all other g[^|„-weights to the zero object. On morphisms is given by 


ki-j fci+i+i fe„ 




kiJfl krr 




km + 1 ki-j fci+l+j km+n 


km + 1 ki 


for f G Iq “ {ni} or i € Ii — {m + n} respectively, and 


AmXjl ' ^ 


fcl fem-l fem-1 fem + 1+1 fcm+2 fcm+n 


4- 1 + 
4- 


fcl fcm_l km km + 1 fem+2 fcm+n 


(i) 

Similarly, but with reversed horizontal orientations, for the generators E) and E^l 
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Proof. To show that is well-defined, it suffices to show that all relations in Ug(g[,„|„) 

are satisfied in A^-Web®”*. For monochromatic relations we can copy [H Proposition 5.2.1], 
Lemma 12.101 shows that the super relations (jlOp hold in A^-Web|“*. □ 

Definition 3.10. (The diagrammatic presentation functor We dehne a functor 

AT.Webl”* ^ 0 [^-Mod| 7 * as follows. 

• On objects: to each k = {{ki)g,, {km)g, (fem+i)r, ■ ■ ■, {km+n)r), we assign 

® Sym^^iCf, 

where k^ = (A:i,..., km) and ki = {km+i, ■ ■ ■, km+n)- Moreover, we send the empty 
tuple to the trivial Ug(gl 7 v)-module Cg and the zero object to the Ug(g[jv)-module 0. 

• On morphisms: we use the functor from Corollary 13.81 to dehne T^'’* on the 

generating trivalent vertices in A^-Web|“* (here we assume that the diagrams are the 
identities outside of the illustrated part). For this, let i G I and we use the notation 
k = ki,l = ki+i and {k,l) = {ki,... ,ki = k,ki+i = /,... ,km+n)- 



Note that these dehnitions include the mixed case, where we either have I = 1 (and colored 
black) or = 1 (and colored black) and we use the odd generators Fm and Em- ^ 


Remark 3.11. There are certain choices for the images of monochromatic merges and splits, 
but these choices do not matter, see [231 Remark 2.18]. In contrast, there is no other choice 
for the mixed merges and splits. For example, take ^ = 1 in the top left in (I22p . The green 
edge labeled k + 1 should represent Aq"'~^C^. Thus, we have to see the top boundary of the 
left-hand side as l(fc+i,o) not as l(o,fe+i), which determines our choices. Similarly for the 
other mixed generators. For example, if m = n = 1, and k = 1 or I = 1, then 




■psort 

^ N 




$,'|i(i?il(i,i))^ $11^^11(1,1)) = F^^- 



Lemma 3.12. F™’"* is a well-defined functor Ai-Web®™* gl^y-Modl^i making the 

diagram m commutative. 

Proof. First we note that on generators and F)nl^ (and analogously 

for Fi’s) with z € I — {m},j G Z>o and k G This follows from the dehnition of via 

and the observation that ladders can be written as compositions of merges and splits, 
see also m Lemma 2.20]. 
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We need to check that the images of the relations from WWebg™* under P™’’* hold in 
g[^-Mod|°''^. Corollary 13.81 guarantees that all relations in are induced via 

from relations in Ug( 0 lm|„,) and the fact that kills certain g[^|„-weights. It remains 

to check that the relations in WWeb|“* are, likewise, induced via from relations in 

Ug(0lm|n)- For the monochromatic and isotopy relations, this follows as in [23l Lemma 2.20]. 

The dumbbell relation ([TO]) can be recovered from Uq( 0 [^|„) as follows. Without loss of 
generality we work with m = n = 1 : 


[ 2 ]- 





Relation dm) is a consequence of killing g[^|^-weights k = {ki,, km+n), one of whose hrst 
m entries is larger than N. □ 

Lemma 3.13. The functor : WWebcKM WWebgr is faithful. 

Proof. By Lemma 13.121 and a comparison of definitions, we have a commuting diagram 

0 [^-Mode 0 [^-Mod^”t 

PcKM 

WWebcKM iV-Web|”* 

where Tckm is the functor considered in [U Subsection 3.2] and is the evident embedding of 
a full subcategory. Tckm is faithful by [H Theorem 3.3.1] and thus, is faithful as well. □ 

Remark 3.14. Let Mat(WWebg”*) be the additive closure of iV-Webg“*: objects are finite, 
formal direct sums of the objects of iV-WebI™* and morphisms are matrices (whose entries 
are morphisms from WWebg™*). We can extend P^”^* additively to a functor 

Mat(lV-Web|”t) ^ gl^-Mod^”*. 

Similarly for Ptv later on. 

Proposition 3.15. The functor P^^. iV-Web|”* ^ 0 [Tv-Mod|”* gives rise to an equivalence 
of categories P^"L Mat(WWeb|°''*) ^ 0 [Tv-Mod|”h 

Proof. Since, by Lemma [3.121 and Remark 13.141 P^'’*: Mat(WWeb|°''*) —> glTv-Modl™* is 
well-defined, it remains to show that P^^^* is essentially surjective, full and faithful. 

Essentially surjective: this follows directly from the definitions of WWebg™*, its 

additive closure Mat(WWeb|°''*) and glTv-Modl™*. 

Full: it suffices to verify fullness for morphisms between objects of the form k G 
where = (Xj, U Xg)"^ U (Xh U W)"'- That it holds is clear from diagram (1211) since 

is full by Corollary 13.81 


psort 
^ N 5 
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Faithful: again it suffices to verify faithfulness for morphisms between objects of the form 
k e Given any web u € Hom^-^gj^aort (fe,/) for k G and I G , we can 

compose u from the bottom and the top with merges and splits respectively to obtain 


h l- 'l I' l 




s 


1. 

u' = 

u 





1 . ... •* 

V / 

km+ 

> 


fel fcm l"'l 1"1 


Recall that exploding edges is, by ([8]), a reversible operation. Hence, we have 

T^§'^\u) = rTiv) iff rTiu') = rTiv'), 

which together with Corollary 12.161 reduces the verification of faithfulness to the case where 
all web edges are black or green. Such webs lie in if°(iV-WebcKM) and faithfulness follows as 
in the proof of Lemma 13.131 □ 

3.3. Proofs of the equivalences. 

Remark 3.16. Recall that the universal R-matrix for qI^ gives a braiding on gi^-Modes 
as follows (see m Chapter XI, Sections 2 and 7] and the references therein). For any pair 
of Ug(0[^)-modules V, W in gi^y-Modes let Permy^vu )-VF®Rbe the permutation 

Permy^u/(u ® rc) = tc (8) u and define = Permy^y^ o R. We scale /3yy/ as follows: 

^v,w = Q ^ l^v,w 

whenever V and W are exterior or symmetric power Uq(g[7y)-modules of exponent k and I 
respectively. This induces a scaling ^y y/ of /3yy/ for all Uq(gl7v)-aiodules V,W € glTy-Modes. 
Then (g[^-Modes, is a braided monoidal category. 

The goal of this subsection is to finally prove our main theorems. To this end, we extend (1211) 
to a diagram 


U,(gU|J ^ gl^-Mod|r^^ giv-Mode 


(23) 


psort 
^ N 


iV-Web|”*c- 

'-dii 


Tjv 

iV-Web 


gr 


where iaig and tdia are the evident inclusions of full sub categories. We will define the functor 
TAT such that the diagram ([2^ commutes. 

Definition 3.17. (The diagrammatic presentation functor Tjy) We define a functor 
T N ■ WWebgr —> gfTv-Modes as follows. 
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• On objects: Tn sends an object k € of A^-Webgr to the tensor product of exterior 
and symmetric powers of specified by the entries of k: green and red integers 
encode exterior and symmetric powers respectively, and a black entry 1 corresponds 
to itself. 

• On morphisms: For an object k € let w{k) € S'/, be a shortest length permutation 
that sorts green integers in k to the left of red integers. We define Ftv on an arbitrary 
web u G Hom7v-Webgr(^) 0 by pre-composing and post-composing with elementary 
crossings and the universal i?-matrix intertwiners: 


^n{u) = O rr (/3- . o U O d* J O /3, 


w{l) 


w{l) 


w[k) 


R 

w{k) * 


Clearly, Ftv restricts to F^’’* 




Lemma 3.18. Ftv : WWebgr —>■ glTv-Modgs is a monoidal functor making (I23p commutative. 

Proof. By Lemma 13.121 and the fact that /3.*. and are braidings (see Proposition 12.221 
and Remark I3.16p . we see that Ftv is well-defined. That Ftv is monoidal and makes (f23P 
commutative is clear from the construction. □ 


Proposition 3.19. The functor Ftv: (WWebgr,/3*.) ^ (glTv-Modgs, is a functor of 
braided monoidal categories. 


Proof. By Lemma 13.181 it remains to verify 

^ iV-Webg,. 

The green-red symmetry and the fact that the mixed crossings are defined via the monochro¬ 
matic crossings, together with Corollary 12.241 reduce this problem to the situation studied 
in [H Theorem 6.2.1 and Lemma 6.2.2]. It remains to show 

FTv(/3f,i) = Ftv(^[,i) = Fr (/3?,i) = rr (/3iV) = 

This follows since acts on 0 Cf ^ Aq(Cf) © Sym^pcf) as q on 

the first factor and as —q~^ on the second (see Example I2.18p . □ 

Theorem 3.20. (The diagrammatic presentations) The functor 

Ftv: (Mat(Ar-Webg,),/3.'.) ^ {si^-Modes, 

is an equivalence of braided monoidal categories. 

Proof. By Proposition 13.191 Ftv extends to a braided monoidal functor on the additive closure 
and it remains to show that Ftv is essentially surjective, full and faithful. 

Essentially snrjective: this follows directly from the definitions. See also Remark 13.141 
Pull and faithful: as before, it suffices to verify this on morphisms between objects of the 
form k G X^. Consider the commuting diagram 


0lTv-Mod®”* G-^ 0lTv-Mode 


■psort 
^ N 


A^-Web 


sort 

gr 


Ejv 

iV-Web 


gr 
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where ujr and u, are the functors that order / € and webs 

u € Homjv-Webgr (fc) 0 by using the i 2 -matrix braiding j3^. and the braiding /3*. respectively, 
via a permutation of shortest length. Since sorting is invertible we get: 

dim(Homg[^.Modes (biv (^), Ttv (/))) = dim(Homg[^_]yiod|”‘ (w. (fc)), (w. (0))) 

= dim(Hom^_-y^gjjSort(a;,(A:),a;,(/))) 

= dim(Hom7v-Webgr 

where the second equality follows from Proposition 13.151 □ 


Remark 3.21. For now we restrict ourselves to working with webs with only upward oriented 
edges. Downward oriented edges, as for example in [3], can used to represent the duals of the 
Ug( 0 [jv)-niodules and SymgC^.With respect to such an enriched web calculus, the 

statement of Theorem 13 . 201 extends to an equivalence of pivotal categories, see [211 Section 6 ] 
and Remark 15.121 

Let H denotes the monoidal, Cg-linear category obtained from the collection Hooiq) of 
Iwahori-Hecke algebras as follows. The objects e, e' of H are tensor products of Iwahori-Hecke 
algebra idempotents corresponding to ecoi(A) and erow(A) (as in Definition I2.26P under the 
isomorphism in Lemma 12.251 The morphism spaces are given bv Homjjle. eA = e'H^^ {q)e. 
The category H is braided with braiding (3^. induced from Hoo{q)- 

Theorem 3.22. (The diagrammatic presentation) For large N the functors F^v stabilize 
to a functor 

Foo: (Mat(cx)-Webgr),/3’.) ^ (Mat(H),/3.f), 
which is an equivalence braided monoidal categories. 

Proof. By Schur-Weyl duality m and by the construction of the categories A^-Webgr as 
quotients of oo-Webgr, we have quotient functors vr^ and for N G Z>o such that 


(24) 


Mat(H)- - -> gl^-Modes 



Mat(oo-Webgi.)- > Mat(A^-Webgi.) 


commutes. Here the functor Foo is an idempotented version of the inverse of the isomorphism 
from Lemma [2.251 

Fix two objects k G and I G of oo-Webgr and suppose that N is greater than the sum 
of the integer-values of the entries of k (ignoring their colors). Then, by (1151) . Theorem 13.201 
the commutativity of (1241) and the fullness of vr^, we have 

dim(HomH(Foo(fe),Foo(0)) = dim(Homg(^_Mode.(7r^(roo(fe)), 7r^(roo(0))) 

= dim(HomAr_webgr(7r^(^), 71^(0)) 

= dim(Homoo-Webgr(^, 0 )- 

Too is clearly essentially surjective and a braided monoidal functor and the theorem follows. □ 
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4. Applications 

In this section we write Cd for diagrams of framed, oriented links C, for diagrams of 
—K 

braids in K-strands and bj^ for closures of such braid diagrams. Further, we consider labelings 
of the connected components of C, and of braids by Young diagrams A®. If £ is a d-component 
link, then we write /1(A) for its labeling by a vector of Young diagrams A = (A^,..., A®^), and 
use an analogous notation for labeled link and braid diagrams. If not mentioned otherwise, 
then all appearing links and related concepts are assumed to be framed and oriented from 
now on. 

Let /Id(A) = bj^{X) be a diagram of a framed, oriented, labeled link given as a braid closure. 
The following process associates to b^(X) an element PK'ip^) of Hx'iq) = Endoo-Webgr(-^0- 


cable 

A’' G /Ci-strands 

11 11 



where we write pKi for the Hecke algebra representation of the braid group on Ki strands. 
The first step replaces strands labeled by a Young diagram with Ki nodes in the braid 
diagram 6^ by Ki parallel strands. This results in a new braid 6^ where K' indicates the 
number of strands. In the second step this cabled braid is interpreted as an element of the 
Hecke algebra, or equivalently, as a web in oo-Webgr, with an idempotent eg(A®) placed on 
the cable of each previously A® labeled strand. 


4.1. The colored HOMFLY-PT polynomial via the category oo-Webgr. In this subsec¬ 
tion we work over the ground field Ca,q = Cg(a). We will use the Ca,g-valued Jones-Ocneanu 
trace tr(-) on the collection of Iwahori-Hecke algebras = The definition 

of the trace tr(-) can be found in [T3l Section 5] (which can be easily adopted to our notation). 
We will use it in the form of the following lemma. 

Lemma 4.1. Given a web u G Endoo_webgr(-^)- Then 


1 



1 
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where the diagram can be collapsed by using the relations in oo-Webgr and additionally 



1 1 


Proof. By Proposition 12.151 and Corollary 12.131 any given web u G Endoo-Webgi.(-fi^) can be 
expressed using black or green edges with labels at most 2. Using Lemma 12.251 and addition¬ 
ally |22 Subsection 4.2], where Rasmussen’s singular crossings correspond to green dumbbells 
with label 2, provides the statement. Note that Rasmussen’s relations II and III are already 
part of our diagrammatic calculus. □ 

Definition 4.2. (The colored HOMFLY-PT polynomial) Let CdW = be a 

diagram of a framed, oriented, labeled link /1(A) given as a braid closure. 

The colored HOMFLY-PT polynomial of /1(A), denoted by P“’'^(/1(A)), is defined via 

= tT{pK'{h^)e,{\)) G 

where eg(A) is a tensor product of eq(A®)’s, as described above. O 

This polynomial is independent of all choices involved and an invariant of framed, oriented, 
colored links. Up to different conventions, this is shown for example in [291 Corollary 4.5]. 

Remark 4.3. In fact. Definition 14.21 gives the framing dependent, unnormalized version of 
the colored HOMFLY-PT polynomial. As usual, the polynomial can be normalized by fixing 
the value of the unknot to be 1 (instead of °~°_i as in our convention) and one can get rid of 
the framing dependence by scaling with a factor coming from Reidemeister 1 moves, see for 
example m Definition 6.1]. We suppress these distinctions in the following. 

Note that Lemma [4.11 provides a method to calculate the colored HOMFLY-PT polynomials 
P“’'^(') using the web category oo-Webgr. 

Proposition 4.4. (The colored HOMFLY-PT symmetry) We have 

p“’‘'(/:(A)) = (-i)“p“’'?"'(/:(A^)), 

where A "*" = ((A^)"*",..., (A'’*)"’"). Moreover, co G Z is a certain constant depending only on the 
framed, oriented link L and its coloring. 

This symmetry is not new: it can be deduced from m Section 9] and has been studied 
in m In our framework it follows directly from the green-red symmetry in oo-Webgr. 

Proof. We only give a proof for the case of knots fC. The proof for links is analogous, but 
the notation is more involved. We denote by /gr the involution on oo-Webgr given by the 
green-red symmetry, and by Iq the involution on Ca,q which inverts the variable q. 

Claim: for u G Endoo-Webgr(-^) have 

(26) tr(u) = (-l)^4(tr(4r(u))). 
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It suffices to prove this in the case where u is a primitive web (a morphism that consists of a 
single web with coefficient 1). In Lemma l4.II we have met evaluation relations for monochro¬ 
matic green webs of edge label at most 2 , but clearly analogous relations can be derived for 
red and mixed webs. In fact, all necessary evaluation relations are invariant under Jgr and Iq, 
except the two relations in (j25h . The circle relation is Jgr invariant, but acquires a sign under 
Iq. The following computation shows that the green and red bubble relations also respect (j26h : 



We note that in the computation of tr(u) via Lemma 14.11 strands can only be removed by 
circle moves and bubble moves. Both of these acquire a sign under Iq, which causes the factor 
(—1)^ in (I26j) . This proves the claim. 

Let be a braid diagram that closes to a diagram of /C and suppose that /C is labeled by 
a Young diagram A of with L nodes. Let be the L-fold cable of the braid diagram b^. 
Now we have 


P“’’(K(A)) = tr (pKL (ig'-) = {-if‘‘I, (tr ( 4 , (pkl (ig^) CjlA)®*'))) 

= (tr (pttL (ig'-) e,(A’-)®'A)) 


where cr is the number of crossings of b^. Here we have used (|26p . Lemma 12.281 (note that 
conjugation by a braid does not matter inside the trace) and the fact that Jgr acts as —1 on 
black crossings, see Example 12.181 □ 


4.2. The colored slAr-link polynomials via the categories WWebgr. Recall that the 

N 

colored Reshetikhin-Turaev slfi-link polynomial IZT^^ are determined by the corre¬ 
sponding colored HOMFLY-PT polynomials 'P“’'^(T(A)) by specializing a = . Alternatively, 

they can be computed directly inside the categories WWebgr from a framed, oriented, labeled 
link diagram as follows: 

• First we replace all A-labeled strands in the link diagram by cables equipped with the 
diagrammatic idempotent eq{X), written in monochromatic green webs. 

• The resulting diagram will contain downward oriented green edges of label k, which 
we replace by upward oriented green edges of label N — k. Simultaneously, caps and 
cups are replaced by splits and merges 


n 

k N — k 


N k N-k 

k N — k 




k N-k 

V 


N 















32 


DANIEL TUBBENHAUER, PEDRO VAZ, AND PAUL WEDRICH 


• The result is a morphism in A^-Webgj. between objects consisting only of entries 0 and 
Ng. It follows from Theorem 13.201 that this Hom-space is one-dimensional. Thus, the 
framed, oriented, labeled link diagram determines a polynomial, which is the desired 
colored Reshetikhin-Turaev sljv-link polynomial. 

Recall from Remark o that this approach relies on the fact that slAr-Modgs contains 
the duality isomorphisms which is not the case for gljv-Modes or 

g[;\r|^-Modes. In Remark [5T2] we sketch how to include duals in diagrammatic presentations 
of gljy-Modes and gl^jjvf-Modes and, thus, to compute the corresponding Reshetikhin-Turaev 
or g[^|„-link invariants. 

5. Generalization to webs for gl^viM 

We now give a diagrammatic presentation of gl;\r|^-Modes, the braided monoidal category 
of Ug(g[;\r|^)-modules tensor generated by the exterior powers and the symmet¬ 
ric powers Sym^C^^^ of the vector representation of Ug(g[jv|^). The diagrammatic 

presentation is given by the following quotient of oo-Webgr. 

Definition 5.1. The category A^|M-Webgr is the quotient category obtained from oo-Webgr 
by imposing the not-a-hook relation, that is 

eg(box7v+i,M+i) = 0. 

Where boxAr+i^A 4 -+i is the box-shaped Young diagram with A^-|-1 rows and M + 1 columns. O 

Note that A^|M-Webgr inherits the braiding /3.*. from oo-Webgr. 

Example 5.2. If we take M = 0, then boxAr+iq is a column Young diagram with A^-|-1 nodes 
and the corresponding not-a-hook relation is just the exterior relation (|lip . In this case we 
have that A^|0-Webgr is Ai-Webgr and gl^Yio^AIodes is isomorphic to gl^Y-Alodes. B 

Example 5.3. If we take M = N = 1, then we have 

1111 1111 1111 


1 i I 1 

T /N T 

1111 1111 1111 

It is easy to see that eg(box 2 , 2 ) = 0 is equivalent to the relations [26l (3.3.13a) and (3.3.13b)], 
[U Subsection 3.6] and [211 Corollary 6.18] which are used to describe the “purely exterior” 
representation category gl^q-Modg. This category could be presented as monochromatic green 
subcategory of Ijl-Webgr, defined analogously as in Definition 12.71 ■ 

To prove that A^jM-Webgr gives a diagrammatic presentation of g[jv|A/"Alodes, we use a 
version of super q-Howe duality between Ug(g[^|„) and Ug(g[^|;y^). For this, we say a dominant 
integral gl^j^-weight A is {m\n, M\N)-supported if it corresponds to a Young diagram which 
is simultaneously an (m|n)-hook as well as an (MjAI)-hooI@. 

®This is really intended to be {M\N). 
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Theorem 5.4. (Super g-Howe duality, super-super version) We have the following. 

(a) Let K € Z>o. The actions of Uq( 0 [^|,^) and Uq(0[jv|M) commute 

and generate each others commutant. 

(b) There exists an isomorphism 

( 8 ) Cf ^ (A’Cf ( 2 ) (Sym’Cf 

of Ug( 0 l 7 Y|M)’™odules under which the fc-weight space of A*(C™^’^(X)C^^^) (considered 
as a Ug( 0 l^|„)-module) is identified with 

0 SymJiC^I^ = 

Ag^C^I^ 0 • • • 0 Aq"*Cf ^ 0 Sym^-+iC^I^ 0 • • • 0 Sym^-+-Cf 

Here k (^l, • • • , ^m+n); (^l) ■ ■ ■ ) ^m) 3 'Ild ki (fc^i+l) • • • ) ^m+n)- 

(c) As Ug(g[^|„) 0 Uq( 0 l 7 v|jv^)-modules, we have a decomposition of the form 

Af (C™l- 0 Cf") - 0 0 L^im(A^), 

A 

where we sum over all (m|n, M|iV)-supported g[^|„-weights A whose entries sum up 
to K. This induces a decomposition 

A’(C™I" 0 ^ 0 L^i JA) 0 L^im(A^), 

A 

where we sum over all (m|n, M|iV)-supported g[,„|„-weights A. 

Proof. As before, (a) and (c) are proven in ED Theorem 4.2] and only (b) remains to be 
verified. This works similarly as in the proof of Theorem 13.61 and is left to the reader. For a 
non-quantized version see |25l Proposition 2.2]. □ 

In the statement of this theorem, Sym^C^^'^ and A^(C^^” 0 are defined 

similarly as in Subsection 13.11 see also ED Section 3]. As before we then get: 

Corollary 5.5. There exists a full functor Ug(g[^|,^) —>■ gl^Yijy^-Modes, which we again 

call the super q-Howe functor, given on objects and morphisms by 

k ® Sym^^iCf S /^(x). 

Everything else is sent to zero. □ 

In what follows, we denote by Ug(g[m|n)“° the quotient of Ug(g[m|n) obtained by killing all 
0 ^m|n"''^ 6 igtits with negative entries. 

Corollary 5.6. The super g-Howe functor from Corollary 15.51 induces an algebra epi- 
morphism (denoted by the same symbol) as in the diagram below. Under Artin-Wedderburn 
decompositions, it corresponds to an algebra epimorphism tt, which acts on the summand 
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Endcq(-Z>m|n('^)) either as an isomorphism or as zero, depending on whether the Young dia¬ 
gram A is (m|n, M|Af)-supported or not. 




>0 


,m\n 




Endcg(Lm|„(A)) 

(m|n)- 
hooks \ 


^ Endc^(Lm|n(-^)) 

{m\n,M\N)- 
supported A 


Proof. First, note that by Theorem 13.221 is isomorphic to the sorted 

version of H with exactly m exterior strands and n symmetric strands. The Artin-Wedderburn 
decomposition in the top row of the diagram is then given in m Theorem 5.1]. The bottom 
Artin-Wedderburn decomposition follows directly from part (c) of Theorem 15.41 □ 

Remark 5.7. We obtain from Corollary 15.61 an alternative proof of the presentation of the 
(?-Schur superalgebra Sq{N\M,K) = Endj:/^(q)((C^'^)®'^) from [U Theorem 3.13.1]. 

Lemma 5.8. Under the correspondence 

Hr+nMU,( 0 U|J^o^ 0 Endc,(L^|JA)) 

(m|n)- 
hooks A 

the kernel of the super g-Howe functor from Corollary 15.51 is given by the tensor ideal 
/box in ^m+n generated by the primitive idempotent eg(boxAr+i^M+i)- 

Proof. From the right isomorphism of algebras we know that the kernel of is gen¬ 

erated by all eg(A'^) where A is an (m|n)-hook, but not an (M|A^)-hook. Note that ev¬ 
ery such A corresponds to a simple Uq( 0 ljv|M)'™odule which appears in a tensor product 

^Af|M((boxAr+i,M+i)'^) ® for some K E Z>o. Accordingly, eg(A^) is contained in 

the ideal /box- ^ 

Proposition 5.9. There is an equivalence of categories 

Mat(Ar|M-Web|”*) ^ 0 [^|A^-Mod^”*. 

Proof. Lemma 15.81 shows that the sorted web category A^jM-Web^l^^, in which webs have 
m green and n red boundary points both on the bottom and on the top, is equivalent to 
Enduq(g[^l^)(A*(C™^"' 0 considered as a category. Via the Uq( 0 [^|„)-weight space 

decomposition in part (b) of Theorem l5.4t V|M-Web^l]]:„ gives a presentation of the morphism 
spaces in g[^|j\^-Modg”* between objects of the form 

Ag'Cf ^ (8) • • • ® Ag'^Cf ^ ® Sym^-+iCf 0 • • • 0 Sym^-+"Cf 

Any object in is a formal sum of such objects, for suitable m, n E Z>o, and 

the conclusion follows. □ 
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Remark 5.10. Recall that the category 0 [;\r|^-Modes is a braided monoidal category, where 
the braiding /3.^ is given by the universal R-matrix for 0ljv|M) see [30]. As before, we use 
a rescaled braiding where we follow the conventions from [2H (3.11)] except that we 
substitute q by —q in their formulas. In particular, n\m acts as q on and as 

—q~^ on Sym^C^'^. 

Theorem 5.11. (The diagrammatic presentation) There is an equivalence of braided 
monoidal categories 

(Mat(lV|M-Webgr),/3.’.) ^ (0[^|M-Modes,/3.^). 

Proof. The equivalence from Proposition 15.91 can be extended to a monoidal functor between 
Mat(A'|M-Webgr) and 0 [ 7 v|M"]^odes as in Definition 13.171 We can also copy the proof of 
Proposition 13.191 where we use Remark 15.101 to prove that this functor respects the braiding. 
Equivalence via this functor follows then as in Theorem 13.201 □ 

Remark 5.12. In [211 Section 6 ] the authors show how to extend a diagrammatic presentation 
of 0 [jv|M"^o^e to diagrammatically encode the full subcategory of Ug( 0 [ 7 Y|jy^)-modules tensor 
generated by exterior powers and their duals. Graphically, this involves the introduction of 
additional objects corresponding to the duals of exterior powers, downward oriented edges (to 
represent identity morphisms on duals) and cap and cup webs (which represent co-evaluation 
and evaluation morphisms). Additional web relations including analogues of (|25|) are intro¬ 
duced to encode basic relationships between exterior powers and their duals. The extension 
of the diagrammatic presentation to include duals is then tautological and [2ll Theorem 6.5] 
and |21l Proposition 6.16] show that the extended presentation functor is fully faithful. 

They further show in |21l Proposition 6.15] that their graphical calculus allows the com¬ 
putation of the Reshetikhin-Turaev 0 [^|jy^-tangle invariants for tangles labeled with exterior 
powers of the vector representation. 

The same spiderization strategy - with minimal changes in proofs - gives an extension of 
our diagrammatic presentation A^jM-Webgr of 0 [jv|M‘Modes to one for the full subcategory 
of Ug( 0 [ 7 Y|jv^)-modules tensor generated by exterior and symmetric powers and their duals. 
This spiderized green-red web category directly allows the computation of Reshetikhin-Turaev 
0 [^|j;^-tangle invariants for tangles labeled with exterior as well as symmetric powers of the 
vector representation. The cabling strategy from Section U] can then be used to compute these 
invariants with respect to arbitrary irreducible representations. 

We finish with the following corollary, which is a direct consequence of the discussion in this 
section and Proposition 14.41 More specifically, it is based on the facts that A^jM-Webgr is de¬ 
fined as quotient of oo-Webgr and that the spiderization in | 2 Tl Section 6 ] respects the special¬ 
ization a = of the relations (I25p . which are sufficient to compute colored HOMFLY-PT 

polynomials of braid closures. 

Corollary 5.13. We have: 

(1) The Reshetikhin-Turaev 0 [^|^-tangle invariant of a labeled tangle depends only on 
N — M. In the case of a labeled link, they agree with the specialization a = of 

the corresponding colored HOMFLY-PT polynomial. 
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(2) The green-red symmetry on oo-Webgj. descends to a symmetry between A^|M-Webg]. 
and M|A^-Webgi-. Correspondingly, there is a symmetry between the representation 
categories of Ug(0[jv|M) Uq( 0 [^|jv) that transposes Young diagrams indexing ir- 
reducibles. 

(3) The symmetry of HOMFLY-PT polynomials described in Proposition 03] is a stabilized 

version of the symmetry between colored Reshetikhin-Turaev g[^|^-link invariants and 
gl^l^-link invariants which transposes Young diagrams and inverts q. □ 

This confirms decategorified analogues of predictions about relationships between colored 

HOMFLY-PT homology and conjectural colored g[^|^-link homologies, see [9]. 
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